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Abstract 

We establish a Liouville comparison principle for entire weak sub- 
and super-solutions of the equation (*) wt — A p (tt;) = \w\ q ~ 1 w in 
the half-space § = x M. n , where n > 1, q > and A p (w) := 
diva; (\V x w\ p ~ 2 V x w) , 1 < p < 2. In our study we impose neither 
restrictions on the behaviour of entire weak sub- and super-solutions 
on the hyper-plane t = 0, nor any growth conditions on their behaviour 
and on that of any of their partial derivatives at infinity. We prove 
that ifl<g<p — 1 + and u and v are, respectively, an entire 
weak super-solution and an entire weak sub-solution of (*) in S which 
belong, only locally in §, to the corresponding Sobolev space and are 
such that u > v , then u = v. The result is sharp. As direct corollaries 
we obtain known Fujita-type and Liouville-type theorems. 



1 Introduction and definitions. 

The purpose of this work is to obtain a Liouville comparison principle of 
elliptic type for entire weak sub- and super-solutions of the equation 

w t - Ap(iw) = H 9 - 1 ^ (1) 

in the half-space S = (0, +oo) x M. n , where n > 1 is a natural number, q > 
is a real number and A p (w) := Y17=i ^-^4.i(Vw), with A(0 = |£| p-2 £i for all 



£ = . . . , £ n ) G M ra andp > 1, defines the well-known p-Laplacian operator. 
Under entire sub- and super-solutions of (1) we understand sub- and super- 
solutions of (1) defined in the whole half-space S, and under Liouville results 
of elliptic type for sub- and super-solutions of the parabolic equation (1) in 
the half-space S we understand Liouville-type results which, in their formula- 
tions, have no restrictions on the behaviour of sub- and super-solutions of (1) 
on the hyper-plane t — 0. Also, we would like to underline that we impose 
neither growth conditions on the behaviour of sub- and super-solutions to 
(1) or on that of any of their partial derivatives at infinity. 

Definition 1 Let n > 1, p > 1 and q > 0. A function u = u(t,x) defined 
and measurable in § is called an entire weak super- solution of the equation 
(1) in § if it belongs to the function space L 9i i oc (§) ; with u t G L l loc (S) and 
\V x u\ p G L li i oc (§) ; and satisfies the integral inequality 

dtdx > (2) 

for every non-negative function tp G C°°(S) with compact support in E>, where 
C°°(S) is the space of all functions defined and infinitely differentiate in S. 

Definition 2 A function v = v(t,x) is an entire weak sub-solution of (1) if 
u = —v is an entire weak super- solution of (1). 

2 Results. 

Theorem 1 Let n>\,2>p>\ and 1 < q < p — 1 + and let u be an 

entire weak super-solution and v an entire weak sub-solution of (1) inE> such 
that u > v. Then u — v in S. 

The result in Theorem 1, which evidently has a comparison principle char- 
acter, we term a Liouville-type comparison principle, since, in the particular 
cases when u = or v = 0, it becomes a Liouville-type theorem of elliptic 
type, respectively, for entire weak sub-solutions or entire weak super-solutions 
of(l). 

Since in Theorem 1 we impose no conditions on the behaviour of entire 
weak sub- or super-solutions of the equation (1) on the hyper-plane t — 0, we 
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can formulate, as a direct corollary of Theorem 1, the following comparison 
principle, which in turn one can term a Fujita comparison principle, for entire 
weak sub- and super-solutions of the Cauchy problem for the equation (1). 
It is clear that in the particular cases when u = or v = 0, it becomes 
a Fujita-type theorem, respectively, for entire weak sub-solutions or entire 
weak super-solutions of the Cauchy problem for the equation (1). 

Theorem 2 Let n>l,2>p>l and 1 < q < p — 1 + and let u be an 

entire weak super-solution and v an entire weak sub-solution of the Cauchy 
problem, with possibly different initial data for u and v, for the equation (1) 
in S such that u > v. Then u = v inE>. 

Remark 1 The initial data for u and v in Theorem 2 may be different. 

Note that the results in Theorems 1 and 2 are sharp and that the hy- 
potheses on the parameter p in these theorems in fact force p to be greater 
than ^j-. The sharpness of these results for q > p — 1 + ^ > 1 follows, for ex- 
ample, from the existence of non- negative self-similar entire solutions to (1) 
in S, which was shown in [1]. Also, there one can find a Fujita-type theorem 
on the non-existence of non-negative entire solutions of the Cauchy problem 
for (1), which was obtained as a very interesting generalization of the famous 
blow-up result established in [4], [5] and [9] to quasilinear parabolic equa- 
tions. For < q < 1, it is evident that the function u(t,x) = e* is a positive 
entire classical super-solution of (1) in S. 

We would also like to note that the results of the present work were 
announced in [13] and that similar results for solutions of semilinear parabolic 
inequalities were obtained in [7] . To prove the results we use the a-monotoni- 
city property of the p-Laplacian operator which was established in [11] and 
continue to develop an approach in [7] and [8] , the elliptic analogue of which 
was proposed [11]. That approach was subsequently used and developed in 
the same framework by E. Mitidieri, S. Pokhozhaev and many others, almost 
none of which cite the original research in [11]. 

For a survey of the literature on the asymptotic behaviour of and blow- 
up results for solutions, sub- and super- solutions of the Cauchy problem for 
nonlinear parabolic equations we refer to [2], [3], [6], [14], [15] and [16]. 
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3 Proofs. 



In what follows, for q > 1 and 2 > p > 1, let 

u= P{q - l) (3) 

and 

P(i?) = {(t,ar) G S: t 2 '" + |x| 2 < R 2 ^} 

for all i? > 0. In this case it is clear that < u < 2 and that the inequality 

volume of P{R) < cR^ , (4) 

with c some positive constant which depends possibly only on n and uj, holds 
for all R > 0. 

Proof of Theorem 1. Let n > 1, 2 > p > 1 and 1 < q < p — 1 + and let w 
be an entire weak super-solution and v an entire weak sub-solution of (1) in 
§ such that u > v. By the well-known inequality 



(|u| ?_1 u - M 9 " 1 *;)^ -v)> 2 1 ~ q \u - v 



3+1 



which holds for every g > 1 and all u.tJGl 1 we obtain from (2) the relation 



i=l 



-I- V^^i ( I ^^^-^ |^ 2 u Xi - \V x v\ p 2 v Xi ) 

2 x - q J{u- v) q ipdtdx, (5) 

s 

which holds for every non- negative function (p G C°°(S) with compact sup- 
port in §. Let r > and R > be real numbers. Let rj: [0, +oo) — > [0, 1] be a 
C°°-function which has the non-negative derivative rj' and equals on the in- 
terval [0, r] and 1 on the interval [2r, +oo), and let ( : [0, +oo) xR™ — > [0, 1] be 
a C°°-function which equals 1 on P(R/2) and on {[0, +oo) x W 1 } \ P(R). 
Let <f(t,x) = (w(t,x) + e)~ u ( s (t, x)rj 2 (t), where w(t,x) = u(t,x) —v(t,x), 
e > and the positive constants s > 1 and v G (0,p — 1) will be chosen 
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below. Substituting the function ip in (5) and then integrating by parts we 
arrive at 



- / (w + eY^CtCWdtdx — [ (w + eY^Cv'vdtdx 

v J 1 — v J 

P(R) P(R) 
„ n 

P(R) i=1 

+s J Y,CxA\^xu\ p - 2 u Xi -\VM P ~ 2 ^{w + e)- v C-Wdtdx 



P(R) ~ 

= h + I 2 + I 3 + I 4 >2 l ~ q J w q (w + ey u Cv 2 dtdx. (6) 

P(K) 

First, observing that I3 is non-positive, we estimate I4 in terms of I3 using 
the fact, which is a key point in our proof, that for 1 < p < 2 the p- 
Laplacian operator A p satisfies the a-monotonicity condition (see, e.g, [12]) 
with a — p. This in our case consists mostly of the fact that there exists 
a positive constant /C such that the coefficients i = 1, ... ,71, of the p- 
Laplacian operator satisfy the inequality 

E (-4, (£') - A, (Of) ' < K (± ({J - (?) (Ai (?) - A, (e))) (7) 

,i=l / \i=l / 

for all pairs £ 2 G lR n and a = p, provided 1 < p < 2. As a result, we have 
the relation 



< / cilV.Cl l^w Xi (\V x u\ P ~ 2 n Xi -\V x v\ p - 2 v Xi )\ (w + eyt-Wdtdx. (8) 
P(R) Vi=i / 

Here we use the symbols q, % = 1,...,8, to denote constants depending 
possibly on n, p, q, s or v but not on R, e or r. Further, estimating the 
integrand on the right-hand side of (8) by Young's inequality 

AB < pA& + p 1 "^ (9) 



5 



with p=%,0=p, 

A = [ 2_^ w xA\^A P u Xi - \V x v\ p X) ) (w + e) " c p V p 
and 



,i=i 



p — 1 — v s_ -i 2 

B = C!\V x C\(w + e) p (~ rjp, 

we arrive at 

» n 
P(R) i=1 

+ J c 2 {w + ey- 1 - u \V x (\ P C~ P rfdtdx. (10) 

P{R) 

Now, observing that I 2 in (6) is also non-positive, we obtain from (6) and 
(10) the relation 

J c 2 {w + e) l - v \C t \C-Wdtdx+ J ^{w + ef'^lV^C'^dtdx 

P(R) P(R) 

> J w q {w + e)- u Crfdtdx 

P(R) 

/n 
J2 w *>(\V x u\ p - 2 u Xi - \V x v\ p - 2 v Xt )(w + ey^Ctfdtdx. (11) 



P(R) t= 



Estimating both integrands on the left-hand side of (11) by Young's inequal- 
ity (9) with p = M = JEt, 



A = (w + e) u ( i~ v r] i- v , 
B = c 2 1 C* I C ^ 

- / - „ 1 .,, »(P-1— 2(p-l-./) 



s(q-p+l) 2(q-p+l) 

respectively, we have the relation 

i J (w + e) q ~ u ( s V 2 dtdx + c 3 J \( t \^( s "^r] 2 dtdx 

P(R) P(R) 

+ \ j ( w + £ ) q " / ( Sr ) 2 dtdx + c 3 J \V x C\^^C~^^V 2 dtdx 

P(R) P(R) 

> J w q (w + e)- u Cv 2 dtdx + 

P(R) 

/n 
J2 w ^(\V x u\ p - 2 u Xi - \V x v\ p - 2 v Xi )(w + e)- u - 1 Cr l 2 dtdx. (12) 

P(R) 1=1 

Further, we estimate the integral 

P(R) 

by the inequality (12). To this end, we substitute 

<p(t,x) = C(t,x) V 2 (t) 
in (5) and after integration by parts there we obtain 

-s J wCtC^V 2 dtdx -2 J wCv'vdtdx 

P(R) P(R) 

» n 

+s J Y,C x ^M p ~ 2 u Xi -\vA p ~ 2 v x X s ~Wdtdx 



P{R) 



>2 1 - q J w q Cv 2 dtdx. (13) 



P(R) 

Since the second term on the left-hand side of (13) is non-positive we have 



s J wUC'Wdtdx 



P(R) 



+s j ^( Xi (\V x u\v- 2 u Xi -\V^ p -h x X s -Wdtdx>2 1 -<i J w% s r] 2 dtdx.(U) 



P(R) 



P(R) 



Now, estimating the first integral on the left-hand side of (14) by Holder's 
inequality, we arrive at 



\ 



w q C s rj 2 dtdx 



\p(R)\P{R/2) 



( 



J 



\ 



\P(R) 



J 



: t \—^ s -—^ 2 dtdx 

/a, 
J2(*A\V x u\ p - 2 u Xl - \V x vr 2 v Xi )C'Wdtdx 
P(R) 1=1 

>2 1 ~ q J w% s ri 2 dtdx. (15) 

P(R) 

On the other hand, by (7) we have 

„ n 

J ^TCJlV^rV,, - \V x v\ p - 2 v Xi )C~Wdtdx 

P(R) 1=1 

< c 4 J \V X (\ (w Xi {\V x u\v- 2 u Xi - \V x v\v- 2 v Xi )Y-^ C'Vdtdx. (16) 

P(R) 

Estimating the right-hand side of (16) by Holder's inequality we arrive at the 
relation 



/n 
^Tuiv^r 2 ^ - \v x v\ p - 2 v x x s ~Wdtdx 
... 1=1 



P(R) 



< C4 



/ 

J (w + e)( 1 +-)(f- 1 ) | V x (\ p ( s - p ri 2 dtdx 



\ 



i/p 



X 



„ n 
\P(R) i=1 



\ 



u\ p - 2 u Xi - \V x v\ p ~ 2 v Xi )(w + e)- v -\'r?dtdx 



(17) 



which holds for every e > and p — 1 > v > 0. Further, for any d > 1 we 
have 



(w + £) (1+ " )(p - 1) |V,CrC^V^ 



P(R) 



< 



W 



+ e) d{1+u)(p - 1) Cr ] 2 dtdx 



\P(R)\P(R/2) 



x I / iVxCh- 1 ^ d - 1 V 2 dtdx 



(18) 



Now, we choose for every g > 1 and a sufficiently small z/ from the interval 
(0,p — 1) the parameter d such that d(l + u)(p — 1) = g. Then (17) and (18) 
yield 



„ n 

y ^ruiv^rv^ - \v x vr 2 v x x s ^v 2 dtdx 

P(R) 1=1 



< C4 



\p(R)\P(R/2) 



dtdx 



( 



) 



J WM^C-^v'dtdx 



\p(R) 



/ 



X 



/ 

„ n 



\ p 



.(19) 



\P(R) i " i / 

Estimating the last term on the right-hand side of (19) by (12), we have 



< C4 



J (w + e) q ( s ri 2 dtdx 

\P(R)\P(R/2) J 



/n 
^C^(|V^| p - 2 ^ - \V x vr 2 v x X~Wdtdx 
,„ N i=i 



P{R) 



J \V x (\^C-^V 2 dtdx 
\P(R) J 



dtdx 



x J (w + s) q - v C s rfdtdx - J w q '(w + e)~ h 'C ''V 

\P(R) P(R) 

\ p 

/q—u q—u Q / piq—v) piq—v) Q 

Ktl^C'^V dtdx + c 3 / \V x C\ ir¥TI C~ ir¥TI v dtdx 



.(20) 



P(R) 



P(R) 



J 



In (20), passing to the limit as e — > as justified by Lebesgue's theorem (see, 
e.g., [10, p. 303]) we obtain 



x I X ' 



IV^-^C'Vdtdx 



P(R) 



i=l 



( 



< c 5 



w 



q ( s rfdtdx 



\P(R)\P(R/2) 



pd pd 



V x (\—^ s -—^ Z dtdx 



X 



q—u q — u ~ / p(q — v) p(q — v) 

( t \^=r( s ~^Tri 2 dtdx + / \V x (\ 1 ^^+ I C~ ir¥TI dtdx 



\P(R) 

Further, (15) and (21) yield 



P(R) 



(21) 



/ 



J w% s i] 2 dtdx < c 6 J w q ( s V 2 dtdx J \( t \^( s -^ri 2 dtdx 

P(R) \p(R)\P(R/2) J \P(R) ) 

( \* / \ 



+C6 
/ 



J w q ( s r] 2 dtdx 

\P(R)\P(R/2) 



pd pd 



VxCl^C'^V dtdx 



\P(R) 



X 



7 



i i-v „ q-v 



, p(q-v) „ p(q-v) 



\P(R) 



\(t\i-^C 9-1 r] 2 dtdx + j IVxQi-^C o-p+^rfdtdx 

P(R) J 



Now, for arbitrary (t, x) G § and R > 0, we choose in (22) the function 
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C — C(*> x ) i n the form 



C(t,x)=ij 



t 2 ^ + 



x\ 



R 2/u 



(23) 



where < u < 2 is given by (3) and : [0, oo) — > [0, 1] is a C°°-function 
which equals 1 on [0, 2"] and on [1, oo) and is such that the inequalities 



Ktl < ciR' 1 and iVa-Cl < c 7^~" 



(24) 



hold. Note that it is always possible to find such a function (. Indeed, this 
can be easily verified by direct calculation of the corresponding derivatives 
of the function ( given by (23). Also, choosing in (22) the parameter s 
sufficiently large, we have from (22) by (4) and (24) the relation 



w q Crfdtdx < c 8 f R—~^) 



2-1 
1 



( 



P(R) 



\ 



W 



% s rfdtdx 



\P(R)\P(R/2) 



I 



a— i 

/ n + LO pd \ / n+u> q — u n+w p{q-v) 

+c 8 IR * «(d-i) J IR u q -i + R <» u,( 9 -p+i) 



which in turn by (3) implies 



% s rfdtdx 



I 

P(R) 



r. / n-\-u> q \ 

w q C s r] 2 dtdx < c 8 (R—-^ J 



\£(R)\P(R/2) 



\ 

w% s rfdtdx 



J 



\P(R)\P(R/2) 



J 



d—l p-1 

+C 8 ( i? " "( d -!) ] [R w "- 1 J 



J u% s ri 2 dtdx 

\p(R)\P(R/2) J 



pd 



(25) 



Making simple calculation in (25) we arrive at 

/ 



J w q ( s ri 2 dtdx < c 8 R^ q ' p+1 ~^ J w q Cv 2 dtdx 

P(R) \P(R)\P(R/2) 



J 
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T>(pq-p+l-v(p-l) | 



pd 



w q C s 7] 2 dtdx 



+c 8 R V^ 1 ^] 

\p(R)\P(R/2) 

Further, since for q>l,2>p>l and p — 1 > v > the quantities 

n , n(pq —p + 1 - u(p — 1)) 

— and — 

- 1) 

are positive, we obtain from (26) forl<g<p— 1 + ^ the relation 



(26) 



u q r] 2 dtdx = 0. (27) 
Also, for q = p — 1 + ^ we deduce from (26) that 

/u q r) 2 dtdx < oo. 

The latter yields the relation 

J w q r] 2 dtdx ->■ (28) 

P(flfc)\P(flfc/2) 

which holds for every sequence i?^ — )• oo. On the other hand, the inequality 



2 ^x<c 8J R^[ 9 - p+1 --] 



P(fl/2) 



+c 8 R [ " P 



y w q rj 2 dtdx 

\P(R)\P(R/2) ) 

( \ * 

J w q r] 2 dtdx 

\P(R)\P(R/2) J 



(29) 



follows easily from (26). In turn, (28) and (29) imply for q = p — 1 + ^ that 
the relation 
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holds for every sequence R k — > oo. The latter implies that (27) holds for 
every q satisfying 

1 <q<p-l + -. (30) 
n 

In (27), by letting the parameter r in the definition of the function r\ tend 
to zero, we obtain that u(t,x) = v(t,x) a.e. in § for every q which satisfies 
(30). □ 
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